In this note we determine the site frequency spectrum (SFS) for a variable population size model, and apply the method to investigate a specific demographic model for three subspecies of chimpanzees. The note falls in three parts: In Section 1 we develop the general theory for obtaining the SFS for a variable population size model. The main problem is to determine the mean time between coalescence events, and in Section 2 we describe a Monte Carlo procedure for obtaining these mean coalescence times. Finally in Section 3 we consider the demographic model and corresponding SFS for three chimpanzee subspecies.
Simulating waiting times between coalescence events
Consider a tree with n leaves and denote by the number of branches that are present in the tree at a given time point. We call (2 ≤ ≤ n) the level of the tree.
The probability P i| that a mutation at level is present in i samples (the probability that a branch at level is ancestral to i leaves) is given by (see e.g. Durrett, 2008, equation (2. 1) page 54)
Let ξ i (1 ≤ i ≤ n − 1) be the number of sites with i derived alleles and (n − i) ancestral alleles. Conditional on the times (T 2 , . . . , T n ) between coalescence events we have
where P i| is defined above and θ is the scaled mutation rate. We get
so all we need in order to determine the site frequency count for a variable population size model is to determine E[T ] (2 ≤ ≤ n). Using a time change we can easily simulate the times between coalescence events in a variable population size model (e.g. Tavare, 2004 , Section 2.4, Algorithm 2.1). We therefore use a Monte Carlo estimate to determine the mean between coalescent times.
For convenience we re-state Algorithm 2.1 in Tavare (2004) below.
Algorithm: Simulating times between coalescence events.
Input: Sample size n and variable population size with integrated intensity function Λ. Output: Sample of times T 2 , . . . , T n between coalescence events.
Step 1: Generate t j = −2 log(U j )/(j(j − 1)), j = 2, . . . , n.
Step 2: Form s j = t j + . . . + t n j = 2, . . . , n.
Step 3:
Step 4: Return T j = t j , j = 2, . . . , n.
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Here the integrated intensity function Λ is defined as follows. Let N 0 be the scaling factor such that the relative population size function in scaled time t (generation tN 0 ago) is given by
We then define the intensity function
, u ≥ 0, and the integrated intensity function
For the chimpanzee data we are particularly interested in variable population size models where the population size is constant for two or three epochs.
Two epochs of constant size
Consider the demographic scenario depicted in Figure 1 . Present population size is N , and the population size stays at N until time aN in the past. From time aN and further back in time the population size is a fraction α of the present population size.
u ≥ a. 
Three epochs of constant size
With three epochs of constant size the relative size function becomes
Demographic model for chimpanzees
In Figure 2 we show the observed and estimated site frequency spectra for the three subspecies of chimpanzees. The estimated site frequency spectra are based on the demographic model obtained from the ABC procedure. In Figure 3 we show the observed and estimated folded site frequency spectra from the central, eastern and western chimpanzees. 
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Predicted SFS under a constant population model (red) and the fitted 27 demographic model (blue) reported in Figure 3 . 28
